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Abstract: By using the modified mapping method and the extended mapping method, we derive 
some new exact solutions of the higher order nonlinear schrédinger equation, which are the linear 
combination of two different Jacobi elliptic functions. The solutions in the limit cases have also been 
studied. 
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1. Introduction 

In the study of nonlinear waves,one of the fundamental objects is the travelling wave so- 
lutions which are solutions of constant from moving with a fixed velocity. Of particular inter- 
est are three types of travelling wave:the solitary waves, which are localized travelling waves 
asymptotically zero at large distances; the periodic waves and the kink waves, which rise or 
descend from one asymptotic state to another. Investigation of such solutions has been a hot 
topic of research for several decades. There are many methods for finding special solutions to 
nonlinear evolution equations. Some of the most important methods are Backlund transforma- 
tions"? , the algebraic method" , tanh method!“ , Jacobi elliptic function method and its ex- 
tensions! ®] ,the Weierstrass elliptic function method!”/and so on. 

Recently, the exact periodic wave solutions in terms of the Jacobi elliptic functions for 
non-linear evolution equations attract considerable interest. The three basic Jacobi elliptic 
functions sné = sn (&\m),cné = cn(é\m) and dn€é = dn(&\m), wherem (0 < m <1) is the 
modulus of the elliptic functions, satisfy the well-known type of trigonometric relations such 
as: | 

sn2é+ cn?é = 1,dn’&+ m’sn’é = 1,(sn&)’ = enédné, (cng) =— snêdnẸ, (dné)" =— m? snécné. 


When m — 1 , the Jacobi elliptic functions degenerate to the hyperbolic functions ,1. e. 
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snê —> tanhé,cné — seché, dn&é —> seché. 
When m — 0 , the Jacobi elliptic functions degenerate to the trigonometric functions ,4i. e. 
sné— sin, cnê —> cos&,dné —> 1. 
There are nine other Jacobi elliptic functions which can be expressed in terms of the three 
basic ones. The detailed explanations about it can be found in reference [8]. 

A mapping method and its extensions have been successfully used to obtain various Jaco- 
bi elliptic functions solutions and other important exact solutions of a new Hamiltonian am- 
plitude equation ~! , In reference [12], Gong L X derived the Jacobi elliptic function solu- 
tions of the nonlinear Schrödinger equation by the modified mapping method. In this paper, u- 
sing the modified and extended mapping method, we derive several new periodic wave solu- 
tions to the higher order nonlinear Schrödinger equation, which are the linear combination of 
two facobi elliptic waves, and solitary wave solutions and trigonometric periodic wave solu- 
tions. It is the first time to use these two methods to get exact solutions of the higher order 
nonlinear Schrédinger equation. 

2. Exact Solutions to the Higher Order Nonlinear Schrodinger Equation 
The higher order nonlinear Schrédinger equation is taken as 
iu, Hun tal u| util Yun: trv. | u | u, +y (| u )zu] = 0. (1) 
This equation has important applications in physics. Under rather general conditions, we can 
obtain exact periodic wave solutions of it. We seek travelling wave solution to Eq, (1) in the 
form | | 
u(x,t) = (Ee ™ E = klr— ce). (2) 
Substituting Eq. (2) into Eq. (1),we have | 
iCk’ p” — 37, K kp’ + yek’ $ + 2yskb? p — ck + 2Kkg') 
+ +k” — K?$+ af? — 3y, Kk” + 7, K$ — yK$) = 0, (3) 
where & is assumed to be positive,and the prime meaning differentiation with respective to ê. 


Then we have two equations 


nP” + (— 37, K? —c+2K)$' + 299 + 27,88 = 0, © (4) 
kA — 3y,K)¢" + (Q— K? +7, K*)¢+ (a—7%2K)# = 0. (5) 

Integrating Eq. (4) once and taking zero be the integration constant, we have 
yikes” + (— INK ct 2K)$+ (an tiy =O (6) 


Comparing Eq. (5) and Eq. (6) ,they have the same solutions. So the coefficients of these two 


equations satisfy the following equation: 


ee 
yk _2K—c—3nK? _ 37" 3” (7) 
(1 — 3y K)k? Q—kK’+y,K?° a— y K i 
From Eq. (7),we can obtain | 
— am 5 E AS 2 
K = Y2 + 27; 37a g= (1 3y KK C 3y K lR yR (8) 


ON Ys Yı 
If JX and Q satisfy Eq. (8),then we only have to solve Eq. (6). Now in order to reduce Eq. 


(6). we assume 


A= 1#,B = 2K —c—3y%Kt,C= Ly +y, (9) 
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then Eq. (6) is transformed into the following one; 
A$” + B +O = 0. (10) 
According to the modified mapping method, we assume that Eq. (10) has the solution of 


the form 
(6) =A, +A, f+B,f'; (11) 
where A; and B; are constants to be determined, and f satisfies the following equations 
f? = pf? + 3af tr, a2) 


where the prime denotes derivative with respect to  ,and p,q and r are constants to be deter- 
mined. We have established a mapping relations between the Eq. (10) and (12) through Eq. 
(11). We substitute Eq. (11) into Eq. (10) and make use of Eq. (12). The substitution of Eq. 
(11) into Eq. (10) and the use of Eq. (12) yields 

2rAB, +CBi = 0,3CB} A, = 0, 

pAB, + BB, + 3CB,Aj + 3CBiA, = 0, 

BA, + CA; + 6CB,A,A; = 0, (13) 

pAA, + BA, +3CA2A, + 3CB,Aj = 0, 

3CA,A, = 0,gAA, + CA} = 0, 
from which it is found that | 


hata. es. /- #8, mee — 20 pA +B+3CA.B, aay. (14) 


Using Eq. (2) and Eq. (9),we obtain the exact solutions of Eq. (6) 


hes 3Q71  8rn = l iC Kx +0) 
ze eo Re Se ae eee (15) 
À + Y2 + 2; EES) Y2 + 2Y a 


where f satisfy Eq. (12) and 


Q— kK’ +y K’ 
c= eee (16) 
(3y,K —1)(p+3 V2qr) 


where K and Q are given by Eq. (8),and other parameters are arbitrary constants in the sense 
that the expressions in the square root should be positive. And note that the choice for the 
positive and negative signs in Eq. (15) is arbitrary. In the following, we discuss the specific 
expressions of f according to Eq. (12) as examples. | | 

Case 1 p=—2,q = 2,r = 1. Eq. (12) has solution f(é) = tanh & Therefore we have 


the new solitary wave solution of Eq. (6) ,it also means the solution of Eq. (1). 


u = {+ tanh [klx — ct) ] + coth [k(x — ct) J} X ane Ane peter , (17) 
Y2 + 273 l 
where 
k=l N— K +n kK’ E E A “ASR FAK 


Case2 p=- (1 +m") +q = 2m? ,r = 1, Now the solution of Eq. (12) is f(6) = sn or 
fE) = cd £= 


: ,and we obtain the periodic wave of Eq. (1) 


u = {+ msn [k(x — ct) Jat ns [R(xa—ct) }} , = eT A b (18) 
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u = {+ mcd [k(x—ct) ]+de [k(x— ct) ]} ,/— a belt j a9) 


Q 2 K? +y K’ 
(3y K —1)(— 1 — rê + 6m) 
and dc& = 1/cd& As m —>1,Eq. (18) degenerates to Eq. (17). 

Case3 p=2— m ‚sq =—2,r =— (1— m’). This solution of Eq. (12) is f(&) = dnê. 
The periodic wave solution of Eq. (1) reads 


u = {+dnl[k(a—ct) ] + V1 — m’ nd[Rk(x— 2) J , [_8%_ peice 9 (20) 
Y2 + 2Y; 


where 


where 


. Q— kK’ +y K’ 
(3y K —1)(2— m +6 yl— m’) 
and ndê = 1/dnê. As m —> 1 ,Eq. (20) degenerate to 


= = bon | i( K-08) 
u + sech[ k (z - ct) | Vere is ; | (21) 
i [Q— K +y K? 
3y k —1 ; 


Case4 p= 2—m’,g = 2(1—m),r = l. From Eq. (12) we obtains f(é) = scé = 
sné/cn&. Thus the periodic wave solution of Eq. (1) are 


u = {+ J/l—m'sclk(x—ct) ]tces[k(x—ct)] ,/— 8% pei Km ; (22) 
| Y2 + 293 


Q— K +47, K° 
(3y,K —1)(2—m’? +6 J/1—m’) 


where 


where 


and cs £ = 1/scé. | 
According to the extended mapping method, we assume that Eq. (10) has the solution of 
the form 
HH = A, +Aif+ Big, | (23) 


where A; and B; are constants to be determined,and f and g satisfy the following equations 
f? = pft+safttr 
g’ = gly + cof?) +g = C3 Haf, (24) 
where the prime denotes derivative with respect to ê, and p,q,r and c; are constants to be de- 
termined. Thus a new algebraic mapping relation between the solution of Eq. (10) and that of 
Eq. (24) is established through Eq. (23). The substitution of Eq. (23) into Eq. (10) and the 
use of Eq. (24) yields (equating the coefficients of like powers of f'gito zero) 
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f? :BAy + CCA} + 3c: A Bi) = 0, 

g:c, AB, + BB, + C(3A2B, +a B?) = 0, 

f:pAA, + BA, + C(3A3A, +3cA B?) = 0, 

fg :6CA,A\B, = 0, (25) 
f :CQA, Aj + 3c,A, Bi) = 0, 

f’ &:C, AB, + 3CA{B, +c,CB} = 0, 

f :qAA, + CA} + 3c,CA,Bi = 0, 


from which it is found that 


A, = 0,A, =+ /SaereaMAtFaB p 4 {| pA+B (26) 
cC 3C 


(3c p 7 3c3q ~ Cy Ca + C2C3 JA -+ 2c B = 0, (3c, an p)A T 2B = Q, 
Using Eq. (7) and Eq. (9) ,we obtain the new exact solution of Eq. (6) ,and it also means the 
solution of Eq. (1). 


=[4 [Gere + 2eq— 3p) (Q7 K TnK?) 
a L+ Ca — ¥%2 K)c3 (3c; — p) FO) 
Gy — poh +y7,K*) ee 
; E (a — ¥2 K)c3 (3c, — p) g(&) Je d 


where f and g satisfy Eq. (24) with the constraint among the coefficients 
Ac, p =] 3¢3q ae 4c ca + CoC3 = 0, 


£ V Yı (3c, — p) EE 


where the K and c satisfy Eq. (8) ‚and other parameters are arbitrary constants in the sense that the 


(27) 


and 


expressions in the square root should be positive. And note that the choice for the positive and nega- 
tive signs in Eq. (27) are arbitrary. These settlements are valid throughout the paper. In the follow- 
ing we discuss the specific expressions of f and g according to Eq. (24) as examples, 

Caseel p=—(14+m’),q¢q=2,r=m 

Ci) c =— m? sc: = 2505 =— 1,c, = 1. Eq. (24) has the solution f(&) = ns ê= 1/sn ê, 
g(&) = cs. = cné/sné& Thus we get the new periodic wave solution of Eq. (1) 


= _a—K*+nkK* — — iC Kz—) 
u =+ a nA —Gmity Plea t)] + ceslklx— ct) J}e ; (28) 
2 —_ . 
where k = (exe ee As m —> 0 and m —> 1, Eq. (28) degenerate to 
_ 2 3 
u =+ ON TAS aeS ct) |+ cot kCx — ct) hei ™ , (29) 
a— yK 
2 ER 
wherek = 2S% K" +c—2K) nd 
Yı 
E ee 3 | 
u =+ |— OA EAE (cothL ace — ct) ]+csch[k(z — ct) J}, (30) 
a— y 


s 2(3y,K* +c—2K) 
Yı 


where k = 
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Gi) c =— 1,c: = 2,c, =— m c, = 1. The solution of Eq. (24) reads f(Ẹ) = ns, g ($) 
= ds = dnê/snê. Thus another new periodic wave solution of Eq. (1) 


Q—K?+y,K° ` Kr- 

=+ eS sigan i= = i( Kr—-) 

u =+ a nO im msl hw ct) |+ds[k(x—ct) |}e ; (31) 
2 


Gii) a =—1,c = 25g =— ec, = —1,. The solution of Eq. (24) is fC) = de 
l— m 1—m | 


= dnf/enfé,g(&) = ncé = 1/cn £. Therefore, we have 


Q— K? +y K’ 2 i = 
= -+ e a OON A ne Za Lt; i( Kx ae 
u =+ Ga Kye? cr it {de[R(z — ct) J + J/1—m' nc[k(x— ct) jhe (32) 
= 2(3y¥,K* +c— 2K) 
where k — aes ae Coney 8 


Civ) Ci =— mM? scz => 29C3 — 7 


l. The solution of Eq. (24) is (6) = 


1] — m? 1- 


dc, g(£) = sc& = sné/cné&. Therefore, we get 


= SBER TR a2 — 2 iy oe i( Kr) 
ust Cr KY — Beaty acl ae ct) ] + J/1—m’ sclk(x— ct) |}e » 33) 


— 2RnK +e—2K) 
where k = wae 


Case2 p= 2m’? —l1l,q =— 2m r =l — m 4. = m sc =— 2m’ 5c, = 1—m’ ,c, =m’. 
In this case, we have f(&) = cné,g(&) = dnẸ. Thus the new periodic wave solution of 
Eq. (1) is 


_, [a-K tn _ anaes 
: = Baas ct) |+ dnlk(x—ct) J}e » (34) 
_ (2037, K* +ce—2K) . a 
where k = ceo ae . Asm— 1 ,Eq. (34) degenerates to 
= Q— K’+y,K° _ i(Kx—0) 
u =+ — =e) sech[ k(x — ct) Je j (35) 


2 Fa; 
where k = mR. 
1 


Case3 p= 2m’ —1,qg= 20 r), r =—m 5 = mM 50, = 1— 2m co =—1,¢q = 1. 
In this case, Eq. (24) has the solution f(&) = nef, g(&) = sc&, Therefore, we have 


(1— m’*)(Q— K* +7, K*) i( Kz—0) 
ssf — k(x i , 6 
u =, | am +m’) {nclk(x — ct) ] + sclk(x— ct) J}e (36) 
_ (2@y,K* +c¢—2K) ee 
where k = egy As m —> 0 „Eq. (36) degenerates to 


_. K? 3 
u =+ OZE ENE (sec[klz— a)]+ tanleCe— d e, (37) 
a— y 


EE 
ne Pr Re. 
1 
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3. Conclusion 

In conclusion, the modified and extended mapping method has been proposed to obtain 
the new exact solution of the high order nonlinear Schrödinger equation. The new exact solu- 
tion include the periodic wave solution in terms of the Jacobi elliptic functions, the triangular 
periodic wave solution and the solitary wave solutions, whether this equation possesses other 


type of solution by changing the conditions is worthy of studying further. 
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